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NARROW POSITIVELY GRADED LIE ALGEBRAS
DMITRY V. MILLIONSHCHIKOV
Abstract. We classify real and complex infinite-dimensional positively
graded Lie algebras g = ⊕+∞
i=1
gi with properties
[g1, gi] = gi+1, dim gi + dim gi+1 ≤ 3, i ≥ 1.
In the proof of the main theorem we apply successive central extensions of
finite-dimensional Carnot algebras. In sub-Riemannian geometry, control the-
ory, and geometric group theory, Carnot algebras play a significant role.
Introduction
Zelmanov and Shalev introduced in [11] the concept of width for positively graded
Lie algebras. A positively graded Lie algebra g = ⊕i∈Ngi is called a Lie algebra of
width d, if there is such a number d (minimal with this property), that dim gi ≤
d, ∀i ∈ N. The problem of classifying graded Lie algebras of finite width was defined
by Zel’manov and Shalev as an important and difficult [11].
The present paper is devoted to the classifications of narrow (”width 3/2”)
infinite-dimensional naturally graded Lie algebras. They can also be considered
as Lie algebras of slow linear growth. In the theory of nonlinear hyperbolic partial
differential equations, the concept of the characteristic Lie algebra of the equation
is defined. Two graded Lie algebras from our list n1 and n2, which are positive
parts of the affine Kac-Moody algebras A
(1)
1 and A
(2)
2 respectively are isomorphic
to the characteristic Lie algebras of the sine-Gordon and Tzitzeika equations [10].
In conclusion, it should also be noted that problems related to narrow and slowly
growing Lie algebras have been extensively studied in the case of a field of positive
characteristic [3].
1. Positively graded Lie algebras
Definition 1.1. A Lie algebra g is called N-graded, if there exists a decomposition
of it into a direct sum of linear subspaces gi such that
g=
⊕
i∈N
gi, [gi, gj ] ⊂ gi+j , i, j ∈ N.
Definition 1.2. It is said that a N-graded Lie algebra g = ⊕i∈Ngi has a width d,
if there exists a positive number d (minimal with this property), that
dim gi ≤ d, ∀i ∈ N.
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Table 1. Structure constants of the Lie algebra n2.
f8j f8j+1 f8j+2 f8j+3 f8j+4 f8j+5 f8j+6 f8j+7
f8i 0 1 −2 −1 0 1 2 −1
f8i+1 −1 0 1 1 −3 −2 0 1
f8i+2 2 −1 0 0 0 1 −1 0
f8i+3 1 −1 0 0 3 −1 1 −2
f8i+4 0 3 0 −3 0 3 0 −3
f8i+5 −1 2 −1 1 −3 0 0 −1
f8i+6 −2 0 1 −1 0 0 0 1
f8i+7 1 −1 0 2 3 1 −1 0
We give five examples of infinite-dimensional N-graded Lie algebras of width one.
For all these Lie algebras, the homogeneous subspaces gi are one-dimensional and
in each of them a basis vector ei, i ∈ N is fixed.
(1)
1) m0 : [e1, ei] = ei+1, ∀ i ≥ 2;
2) m2 :
{
[e1, ei] = ei+1, i ≥ 2,
[e2, ej ] = ej+2, j ≥ 3.
3) W+ : [ei, ej] = (j − i)ei+j , ∀ i, j ∈ N,
4) n1 : [ei, ej] = ci,jei+j , ci,j =


1, j−i ≡ 1 mod 3;
0, j−i ≡ 0 mod 3;
−1, j−i ≡ −1 mod 3;
5) n2 : [eq, el] = dq,leq+l, q, l ∈ N,
where the structure constants dq,l of the Lie algebra n2 are defined by the Table
1. The matrix (dq,l) is skew-symmetric, and its elements dq,l depend only on the
residues of the numbers q and l modulo 8 We will not indicate relations of the form
[ei, ej ] = 0 in the definitions of Lie algebras.
The first two algebras m0 and m2 appeared in the work by Vergne [12]. The Lie
algebra W+ is the positive part of the Witt algebra. The Lie algebras n1 and n2
are maximal nilpotent Lie subalgebras of the affine Kac-Moody algebras A
(1)
1 and
A
(2)
2 [7].
Theorem 1.3 (A. Fialowski, [4]). Let g= ⊕+∞i=1 gi be a N-graded Lie algebra of
width one and let it be generated by two homogeneous components g1 and g2. Then
g is isomorphic to one and only one algebra from the following list
m0,m2,W
+, n1, n2,
{
g(λ8, λ12, . . ., λ4k, . . . ), λ4k ∈ PK
1, k ≥ 2
}
,
where
{
g(λ8, λ12, . . ., λ4k, . . . ), λ4k ∈ PK
1, k ≥ 2
}
denote the family of Lie algebras,
depending on a countable number of parameters λ4k ∈ PK
1, k ≥ 2.
A finite-dimensional positive-graded Lie algebra g = ⊕+∞i=1 gi is obviously nilpo-
tent.
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Definition 1.4. A Lie algebra g is said to be pro-nilpotent if for ideals gi, g1 =
g, gi+1 = [g1, gi] if the ideals of its lower central series satisfy y
∩∞i=1g
i = {0}, dim g/gi < +∞, ∀i ∈ N.
We consider the pro-nilpotent Lie algebra g and its associated graded Lie algebra
grg = ⊕+∞i=1
(
g
i/gi+1
)
with respect to the filtration by ideals of the lower central
series.
Definition 1.5. A Lie algebra g is said to be naturally graded if it is isomorphic
to its associated graded Lie algebra grg.
From the properties of the lower central series one can derive one very impor-
tant property of natural grading [g1, gi] = gi+1, i ∈ N. In particular, a naturally
graded Lie algebra g = ⊕+∞i=1 gi is generated as a Lie algebra by one component g1.
The Lie algebra m0, considered above, is naturally graded. However, its natural
grading differs from its grading, which we considered in the previous section. The
natural grading corresponds to such a direct sum with the two-dimensional first
homogeneous subspace and shifted by one by grading
m0 = 〈e1, e2〉 ⊕ 〈e3〉 ⊕ 〈e4〉 ⊕ · · · ⊕ 〈ek〉 ⊕ . . .
Lie algebras n1 and n2 also are naturally graded
n1 = ⊕
+∞
i=1 (n1)i, (n1)2k+1 = 〈e3k+1, e3k+2〉, (n1)2k+2 = 〈e3k+3〉, k ≥ 0;
n2 = ⊕
+∞
i=1 (n2)i, (n2)6k+1 = 〈e8k+1, e8k+2〉, (n2)6k+s = 〈e8k+s+1〉, s = 2, 3, 4,
(n2)6k+5 = 〈e8k+6, e8k+7〉, (n1)6k+6 = 〈e8k+8〉, k ≥ 0.
The positive part of W+ of the Witt algebra and the second algebra of m2 are not
naturally graded Lie algebras.
The formulas
(2) [u, v] = w, [v, w] = ±u, [w, u] = v
determine the structure constants of two real forms of a complex simple Lie algebra
sl(2,C), the plus sign in (2) matches the Lie algebra so(3,R), the minus sign matches
the Lie algebra so(1, 2). We consider two subalgebras n+1 and n
−
2 in loop algebras
so(3,R)⊗ R[t]+ and so(1, 2)⊗ R[t]+ respectively. Each of these Lie subalgebras is
given as the linear span of monomials of the form 〈u⊗t2k+1, v⊗t2k+1, w⊗t2k+2, k ≥
2〉. The structure of the Lie algebra in the loop algebra over the Lie algebra g is
defined in the standard way
[a⊗ P (t), b ⊗Q(t)] = [a, b]⊗ P (t)Q(t), ∀a, b ∈ g, ∀P (t), Q(t) ∈ R[t].
Lemma 1.6. The Lie algebras n±1 are isomorphic over C and non-isomorphic over
R.
Definition 1.7. Define n32 as a one-dimensional central extension of the Lie algebra
n2. To set the basis and relations of n
3
2 we add to the infinite basis e1, e2, e3 . . . of
the Lie algebra n2 a new (central) element z, satisfying the additional commutation
relations
[e2, e3] = z, [z, ei] = 0, i ∈ N.
It is obvious that the Lie algebras n pm1 and n
3
2 are naturally graded.
For further discussion we need the apparatus of central extensions of Lie algebras
generalizing an example of the Lie algebra n32. We briefly recall the necessary
definitions.
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Consider the linear subspace V as an abelian Lie algebra. The central extension
of the Lie algebra g is an exact sequence
(3) 0 −−−−→ V
i
−−−−→ g˜
pi
−−−−→ g −−−−→ 0
of Lie algebras and their homomorphisms in which the image of the homomorphism
i : V → g˜ is in the center Z(g˜) of the Lie algebra g˜.
As a vector space, the Lie algebra g˜ is a direct sum V ⊕ g with the standard
inclusion i and projection pi. The Lie bracket in the vector space V ⊕ g is defined
by the formula
[(v, g), (w, h)]g˜ = (c(g, h), [g, h]g), g, h ∈ g,
where c is a bilinear function on g, which takes its values in the space V . One can
verify directly that the Jacobi identity for this bracket is equivalent to the fact that
the bilinear function c is a cocycle, i.e. the identity holds
c([g, h]g, e) + c([h, e]g, g) + c([e, g]g, h) = 0, ∀g, h, e ∈ g,
In this connection we assume the validity of the Jacobi identity for the original
Lie bracket [g, h]g. Among the cocycles, coboundaries are distinguished db, skew-
symmetric bilinear functions of the form db(x, y) = b([x, y]), where b – some linear
map g → V . The quotient space Z2(g, V )/B2(g, V ) of the cocycle space over the
coboundary space is called the second cohomology spaceH2(g, V ) of the Lie algebra
g with coefficients in the trivial g-module V .
Let V = K be a one-dimensional space and g = ⊕+∞i=1 be a N-graded Lie algebra.
We select in the space of cocycles Z2(g,K) a subspace Z2(k)(g,K) of cocycles with
grading k
Z2(k)(g,K) =
{
c ∈ Z2(g,K)|c(x, y) = 0, x ∈ gi, y ∈ gj , i+ j 6= k
}
Coboundaries B2(k)(g,K) of gradings k correspond to linear functions b from g
∗ that
are nontrivial only on the subspace gk. Corresponding subspaces H
2
(k)(g,K) define
a positive grading in the two-dimensional cohomology of the Lie algebra g
H2(g,K) = ⊕+∞k=1H
2
(k)(g,K)
The second cohomology of the Lie algebras n1, n2 are two-dimensional [6]. How-
ever the space H2(m0,K) is infinite-dimensional but all its homogeneous subspaces
H2(k)(m0,K) not more than one-dimensional
H2(2m)(m0,K) = 0, H
2
(2m−1)(m0,K) = 〈ω2m−1 =
m∑
l=2
(−1)lel∧e2m+1−l〉,
where ei ∈ g∗, i ∈ N, form a dual basis to the basis (1). We recall that the natural
grading of the basis elements ei, i ≥ 2 is shifted by one unit to the left in comparison
with the graduation of the width one considered above.
We consider an arbitrary subset S (finite or infinite) of the set of odd pos-
itive integers greater than one. We order elements of S in ascending order
1 < r1 < r2 < r3 < . . . . To every odd number rj = 2mj − 1 we associate
a cocycle ωrj =
∑mj
l=2(−1)
lel∧e2mj+1−l and define a central extension (possibly
infinite-dimensional) mS0 corresponding to a set of cocycles
{
ωrj , rj ∈ S
}
.
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Definition 1.8. Let S ⊂ {3, 5, 7, . . .}. Define a Lie algebra mS0 by an infinite basis
consisting of the vectors ei, i ∈ N and zrj , rj ∈ S and commutation relations
(4) [e1, ei] = ei+1, i ≥ 2, [el, erj−l+2] = (−1)
l+1zrj , 2 ≤ l ≤
rj + 1
2
, rj ∈ S.
Now everything is ready to formulate the main theorem.
2. The formulation of the main theorem
Theorem 2.1. Let g =
⊕+∞
i=1 gi be an infinite-dimensional N-graded Lie algebra
over R such that
(5) [g1, gi] = gi+1, dim gi + dim gi+1 ≤ 3, i ∈ N.
Then g is isomorphic to one and only one Lie algebra from the following list
n
±
1 , n2, n
3
2,m0, {m
S
0 , S ⊂ {3, 5, 7, . . . , 2m+1, . . . }.
The classification over C differs from the real classification only in that the Lie
algebras n±1 are isomorphic over C.
Remark. The Lie algebras of the family g(λ8, λ12, . . . ) from Fialowski’s theorem [4],
although they are naturally graded of widths two, however in their natural grading
all homogeneous components are two-dimensional for i 6= 2.
3. Carnot algebras and the proof of the main theorem
A finite-dimensional naturally graded Lie algebra g is nilpotent and such a Lie
algebra is said to be in the sub-Riemannian geometry by the Carnot algebra [1].
Definition 3.1. A finite-dimensional Lie algebra g is called a Carnot algebra if it
has N-grading g = ⊕ni=1gi such that
(6) [g1, gi] = gi+1, i = 1, 2, . . . , n− 1, [g1, gn] = 0.
The maximal number m for which gm 6= 0 will be called the length of the Carnot
algebra. It is obvious that the length of the Carnot algebra is equal to its nil-index.
Example 3.2. A Lie algebra m0(n), defined by its basis e1, e2, . . . , en and commu-
tating relations [e1, ei] = ei+1, 2 ≤ i ≤ n− 1, is a Carnot algebra of length n−, this
length is maximal for a given dimension n and a Lie algebra with this property is
called the filiform Lie algebra [12] or the Lie algebra of maximal class [11].
The proof of the main theorem will be based on three basic lemmas, which we
now formulate one by one.
Lemma 3.3. Let g = ⊕+∞i=1 gi be an infinite-dimensional naturally graded Lie alge-
bra. Then its arbitrary quotient Lie algebra of the form g/gk+1 is a Carnot algebra
of length k.
Let g˜ = ⊕ki=1gi be a Carnot algebra of length k. The last homogeneous summand
gk belongs to the center Z(g˜). Consider a quotient Lie algebra g = g˜/gk. It is also a
Carnot algebra, which can be written in the form direct sum of subspaces g=⊕k−1i=1 gi.
Its length will be one less than for the original Lie algebra. Thus, we have a central
extension of the Lie algebra g
0→ gk → g˜→ g→ 0,
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which corresponds to some two-dimensional cocycle c˜ in H2(g, gk). We fix a ba-
sis e1, . . . , ejk of the subspace gk. The cocycle c˜ is written in the corresponding
coordinates c˜ = (c˜1, . . . , c˜jk). Each coordinate component c˜l of the cocycle c˜ is a
two-cocycle from the subspace H2(k)(g,K) of grading k, where l = 1, . . . , jk.
Lemma 3.4. Let g= ⊕k−1i=1 gi be a Carnot algebra of length k − 1 and c˜1, . . . , c˜jk
a collection of jk cocycles from H
2
(k)(g,K), where jk ≤ dimH
2
(k)(g,K). The Lie
algebra g˜=⊕ki=1 gi, defined with the help of the corresponding central extension, is a
Carnot algebra of length k and dim gk = jk if and only if the cocycles c˜1, . . . , c˜jk are
linearly independent in the subspace of two-dimensional cohomology H2(k)(g,K) ⊂
H2(g,K) of grading k.
Definition 3.5. An automorphism f of the Carnot algebra g = ⊕+∞i=1 gi is said
to be graded if it is compatible with its grading f(gi) = gi, ∀i ∈ N. We denote
by Autgr(g) the subgroup of graded automorphisms in the group Aut(g) of all
automorphisms of the Lie algebra g.
Let g = ⊕ni=1gi be a Carnot algebra and ϕ be its graded automorphism. Consider
its restriction ϕ1 = ϕ|g1 onto the homogeneous subspace g1. Fixing some basis in
g1, we can define the matrix A of the mappingϕ1. Because elements of the basis
g1 are generators of our Carnot algebra g = ⊕
n
i=1gi, then the automorphism ϕ is
completely defined by the matrix A and we therefore have a homomorphism
Φ : Autgr(g)→ GL(q,K), q = dim g1.
The relations satisfied by the generators of g1 define a system of polynomial equa-
tions for the matrix elements of an arbitrary automorphism ϕ, thus the group
Autgr(g) is isomorphic to some algebraic subgroup ofGL(q,K). The groupAutgr(g)
is always non-trivial, because it contains a one-dimensional algebraic torus K∗ of
homotheties:
φ(v) = αkv, v ∈ gk, k = 1, . . . , n, α ∈ K
∗.
Consider two central extensions g˜ and g˜′ of the same Carnot algebra g = ⊕k−1i=1 gi.
Suppose that both extensions are Carnot algebras of length k.
Let there also exist an isomorphism f : g˜′ → g˜. Then the ideals of the lower
central series satisfy the equalities f
(
g˜
′i
)
= g˜i. Whence follows f (g˜′k) = g˜k, since
for the Carnot algebra the last homogeneous component coincides with the last
nontrivial ideal g˜k = g˜
k. Hence, we have a commutative diagram
(7)
0 −−−−→ g˜k
i1−−−−→ g˜
pi1−−−−→ g −−−−→ 0x
xΨ
xf
xΦ
x
0 −−−−→ g˜′k
i2−−−−→ g˜′
pi2−−−−→ g −−−−→ 0,
where we denote by the symbol Ψ an isomorphism of vector spaces g˜k and g˜
′
k. The
symbol Φ denotes some automorphism of the Lie algebra g. It can be shown that
a graded automorphism can be considered as Φ.
Lemma 3.6. Let {c˜1, . . ., c˜jk} and {c˜
′
1, . . ., c˜
′
jk
} be two sets of linear independent co-
cyles of H2(k)(g,K), jk ≤ dimH
2
(k)(g,K). They define isomorphic central extensions
of g˜ and g˜′ if and only if the linear spans L = 〈c˜1, . . ., c˜jk〉 and L’=〈c˜
′
1, . . ., c˜
′
jk
〉 lie in
one orbit of the linear action of the group of graded automorphisms Autgr(g) acting
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on the Grassmannian of jk-dimensional subspaces in two-cohomology H
2
(k)(g,K) of
grading k.
In [9] it was shown that the problem of constructing an arbitrary N-graded
Lie algebra of width one can be solved by an infinite process of successive one-
dimensional central extensions of some finite-dimensional graded Lie algebra of
width one. Later, this idea was applied to the classification of a similar class
of N-graded Lie algebras [2]. In what way will this inductive process be applied
to naturally graded Lie algebras? At each successive step, our inductive process
consists of two stages. Suppose that we have a Carnot algebra g of length k − 1
constructed earlier. We study m-dimensional extensions leading to some Carnot
algebra of length k.
First step: computation of the subspace H2(k)(g,K) of the two-dimensional coho-
mology of the grading k of the already existing Lie algebra g.
The second stage consists in studying the orbit space of the action of the group
Autgr(g) of graded automorphisms on the Grassmannian of m-dimensional linear
subspaces of the space H2(k)(g,K).
We begin our inductive process with the three-dimensional Lie algebra m0(2).
It has two different central extensions: the one-dimensional extension m0(3) and
the two-dimensional extension L(2, 3) ∼= n(3) ∼= m30(3), where L(2, 3) denotes a free
nilpotent Lie algebra with two generators of length three, and n1(3) = n1/n
4
1.
The Lie algebram2j+10 (2m+1), 1 ≤ j ≤ m is given by a basis e1, e2, . . . , e2m+1, z2j+1
and structure constants
[e1, ei] = ei+1, i = 2, . . . , 2m, [el, e2j−l+1] = (−1)
l+1z2j+1, l = 2, . . . , j.
We skip the Carnot algebras of lengths 4 and 5, we immediately represent a list of
real Carnot algebras of length 6
m0(6),m
5
0(6),m
3
0(6),m
3,5
0 (6), n
+
1 (6), n
−
1 (6), n2(6), n
3
2(6).
This will be the ”progenitors” for all infinite-dimensional naturally graded Lie al-
gebras appearing in the formulation of the main theorem. But the path of further
proof will be rather thorny, the fact is that further along the road there will arise
Carnot algebras that are not extensible to Carnot algebras with a longer length.
The simplest example of such an algebra is a filiform Lie algebra m1(2m+1) built
in [12].
Example 3.7. A Lie algebram1(2m+1),m ≥ 1, is given by its basis e1, . . ., e2m+1, z,
and relations [e1, ei] = ei+1, 2≤i≤2m−1, [eq, e2m+1−q] = (−1)
q+1z, 2 ≤ q ≤ m.
A more complicated example of a non-extendable Carnot algebra is
Example 3.8. A Lie algebra mr1,...,rk0,3 (2m+1) is given by its basis
e1, . . ., e2m, e2m+1, e2m+2, zr1 , . . . , zrk , z2m−1,
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where 3 ≤ r1 < · · · < rk ≤ 2m − 3 a set of odd positive integers, if m ≥ 3, and
commutating relations
[e1, ei] = ei+1, i = 2, . . . , 2m−1, [e1, z2m−1] = e2m+1, [e1, e2m+1] = e2m+2,
[eq, e2m+1−q] = (−1)
q+1z2m−1, q = 2, . . .,m;
[eq, erj+2−q] = (−1)
q+1zrj , j = 1, . . ., k, q = 2, . . .,
rj+1
2
;
[eq, e2m+2−q] = (−1)
q+1(m+1−q)e2m+1, q = 2, . . . ,m;
[ep, e2m−p+2] = (−1)
p(p−2)
(
m−
p−1
2
)
e2m+2, p = 3, . . . ,m+1.
Among the extensions of the Lie quotient algebras n±1 (n) and n2(n) there are
also non-extendable Carnot algebras. We have as many endless chains of extensions
of Carnot algebras as infinite-dimensional naturally graded Lie algebras indicated
in the theorem. We, however, still exclude such extensions, which lead to two
two-dimensional consecutive homogeneous components. This excludes from con-
sideration a multiparameter Fialowski’s family of Lie algebras g(λ8k, λ12k, . . . ) [4].
See all the details of the proof in [8].
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